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Abstract—There are many information and divergence measures
are exist in the literature of Information Theory and statistics. These
are very useful and play an important role in many areas like as
sensor networks,testing the order in a Markov chain, risk for binary
experiments, region segmentation and estimation etc. In this research
paper, we shall study bounds on well-known information divergence
measures in terms of Hellinger discrimination using information
inequalities, convex functions and new f-divergence measures.

Keywords: New f-divergence ,Hellinger’s discrimination, Relative
Jensen-Shannon divergence measure etc.

1. INTRODUCTION

Let

Fn:{p:(plapzap37 ~~~~~~~~~ pn)/plzoaz pizl}sﬂ22
(1.1)

be the set of complete finite discrete probability distributions.
There are many information and divergence measures exist in
the literature on information theory and statistics. In this
section we present some properties of new f-divergence
measure introduced in Jain &Saraswat [3] & [4]and its
particular cases which are interesting in areas of information
theory and statistics is given by

el Pi +0
Sf(PvQ)_Zi_lqif(—zqi J

f:R, >R r

+ isa convex functionand P, Qe = M.

(1.2)

Where

Proposition 1.1 Let f :[0,00)—> R be convex and
P,Qel', with P,=Q, =1 then we have the following

inequality
S¢(P,Q)= (1)

Equality holds in (1.3)

(1.3)

Py =q;,Vi=L2,..,n (1.4)

Corollary 1.1.1 (Non-Negativity of New f-divergence
measure )Let f :[0,00) — R be convex and normalized i.e.

(1.5)
Then for any P,Q eI, from (1.3) of proposition 1.1 and

f(1)=0

(1.5), we have the inequality

S;(P,Q)=0 (1.6)
If f is strictly convex, equality holds in (1.6)iff

p,=0q,Vi=12,..,n (1.7)
and

S;(P,Q)=0iffP=Q (1.8)

f, and f

Proposition 1.2 Let 2 are two convex functions and

9=ah+b% en 5,(P,Q) =4S, (P,Q)+bS, (P,Q),

Where P.Qel, .

It is shown that using new f-divergence measure we have
derived some well-known divergence measures like as,
Hellinger discrimination [5], Kullback-Leibler divergence [7]
& [8], Relative Jensen-Shannon divergence [6], Relative
arithmetic-geometric divergence measure [9]. We now give
some examples of well-known information divergence
measures which are obtained from New f-divergence measure.

o If f(t)=-logt

divergence

Sf(P’Q)=iqi log(2q, /(p, +q)) = FQ,P) (19)

i=1

o If f(t)=tlogt

then relative Jensen-Shannon

measure is given by

then relative arithmetic-geometric

divergence measure is given by
5, (P.Q=Y(p+a)/Vlog((n +q)/2q)=6QP) 110)
i=l
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o Iff(t)=(2t-Dlog2t—1),t> %thenKullback-Leibler
divergence measure is givenby

Sf(PrQ):i p; log(zj: KL(p,Q)(l.ll)

o Iff(t)=-log(2t-1),Vt> % then Kullback-Leibler

divergence measure is given by

5,(P.Q=34 log(%} ~KLQP)

' (1.12)
2. HELINGER DISCRIMINATION
Let us considera function
1 2
f(t) =5(\/2t—1 —1) @.1)
, N2t-1-1 _, 1
) =~—, f ()= > 0,V >~
N (2t-1) 2

Hence function is convex and normalized i.e. f(1)=0, It’s
second derivative is positive. So function is convex

convex function plot
6 T T T

f(t) = (U2) (sqri(2t-1)-1)

(1)

0 1 2 3 4 5 6 7 8 9 10

Fig. 2.1: (Graph of f(t))

1 2
Consider a function f(t)= 5(\/ 2t—-1- 1) then Hellinger

discrimination is given by

Sl [

= 2,

Then we can say

Sf (P’ Q) = h(Pa Q) (2-2)

3. NEW INFORMATION INEQUALITY

The following theorem concerning an upper and lower bound
for a new f-divergence measure in terms of the Hellinger
discrimination holds.

Results are similar to presented by Dragomir [1] and Jain and
Saraswat[2& 4].

Theorem 3.1: Let suppose that generating mapping

1
f :(E,Ooj — Ris normalized that is f(1)=0 and satisfies

the assumptions.
(i) f is twice differentiable on (r, R), where 0.5 <r<1<R <
(i1) there exist constants m, M such that
3
m<[2t-D)2 f"(t)]<M forall t € (r,R).(3.1)

If P, Q are discrete probability distributions satisfying the

(3.2)
Then we have the Inequality
mh(P,Q) <8, (P,Q) <Mh(P,Q) 3.3)

Proof: Define a mapping

m 2
F. :(0.5,0) > R,F, (t)= f(t)—E( 2t-1 —1) .
Then F_(.) is normalized and twice differentiable and since

F ()= () - —T = —

3 3

2t-1)?2

(3.4)

(2t—1)% f () - m} >0
2t-1)?
For all t&€(a, b), implied by the first inequality in (3.1). It
follows that the mapping F_(.) is convex on (r, R). Applying

the non-negativity property of New f-divergence functional for
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F.,(.) and the linearity,(by proposition 1.2), we may state
that

0<S¢ (P,Q)=35,(P,Q)—mS,

=5;(P,Q) -mh(P,Q)

From where we get the first inequality in (3.3).

, (P,
sy Q)

3.5)

Now we again Define a mapping,
2
F,:(050) >R F,(t)= f(t)—%(\/Zt—l—l)

which is obviously normalized, twice differentiable and, by
(3.1), convex on (r, R). Applying non-negativity property of
New f-divergence for F, (.), and Proposition 1.2, we obtain

the second part of (3.3) i.c.
0<Mh(P,Q)-S,(P,Q)

From (3.5) and (3.6) give the result (3.3)
mh(P,Q) < S, (P,Q) <Mh(P,Q)

(3.6)

4. SOME PARTICULAR CASES

In this section we established bounds of particular well known
divergence measures in terms of Hellinger discrimination
using inequality of (3.3) of Theorem 3.1 which may be
interested in Information Theory and statistics.

The result is on similar lines to the result presented by
Dragomir [1] and Jain &Saraswat [2]& [3].

Proposition 4.1: LetP,Q eI, be
distributions with the property that

two probability

r<r ::wiz—;qi)s R,Vie{,2,3....0

Then we have the following inequality
4y2r-Dh(P,Q <KL(P,Q)<4{(2R-Dh(P,Q) (4.1)
Proof:

f:(r,R)>R.

consider the mapping f :(0.5,0) > R,

]

1 _ _ " _ 4
f(t)=(2t—1)log(2t 1), f (t) =2 1+log(2t 1)}, f "(t) = a0

function is convex and normalized i.e. f(1)=0.

Define g(t) = |:(2t - 1)E f "(t)j|

- {(m Ly

1
=] 4(2t-1)?
e lnkaad
Then obviously

M = sup g(t) =4/(R—T)m= nf git)= =4/er-1 4.2

tr,R]
Also Sf (P,Q) = KL(P,Q) from equation (1.11)

From equation (1.11), (3.3) & (4.2) give the result (4.1).
LetP,Qel’, be

Proposition  4.2: two probability

distributions satisfying (3.1)

Then we have the following inequality

4
—h(P Q) <KL(Q,P) <———=N(P,Q) 4.3)
J2R-1) \/(Zr 1)

Proof: Consider the mapping

f:(0.5,00) > R, f :(r,R) = R,

fO =gt 1032 ], 170 - [(Zt‘_‘l)z}o,

So function is convex and normalized i.e. f(1)=0

% " 2 4
Define g(t)—[(Zt—l) f (t)} {(2t 1) ot 1)}

Vt>l
2

4
g(t)_ﬁ>0,

Then obviously

4
M = sup g(t) = —,
te[r.R] A @2r=1)
4.4)
4
= inf g(t) = ——n
telr,R] /(2R -1)
Also S; (P,Q) = KL(Q, P) from equation (1.12)
From equation (1.12), (3.3) & (4.4) give the result (4.3)
Proposition 4.3: LetP,QeI’, be two probability
distributions satisfying (3.1),
Then we have the following inequality

(2—%jx/(2r—1)h(P,Q)SG(Q,P)S(Z—%}/—(ZR—I)h(P,Q) 4.5)

Proof: Consider the mapping f : (r,R) > R
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|
f(t)=tlogt, f '(t)=(1+logt), f "(t) = { >0,So
function is convex and normalized i.e. f(1)=0

31
= (2t—1)2f

1 1
g(t):|:(2_fj (2t—1):| >0,Vt >E

Then obviously

Define g(t)=| (2t—1)2 f "(t)

M = sup g(t)=(2—é}/QR—l),m:téﬁmﬁ]g(t)=(2—I1_j @r-1)

tdr,R]
Also Sf (P,Q) =G(Q, P) from equation (1.10)

From equation (1.10), (3.3) & (4.6) give the result (4.5)

Proposition 4.4: LetP,QeI’, be two probability
distributions satisfying (3.1),
Then we have the following inequality

)

Proof:

1 % 1
h(P,Q) < F(Q, P)S(Z—?j ﬁh(P,Q)(4_7)

Consider the mapping f:(r,R)—>R

f(t)=—logt, f'(t) = —%, f "(t) =ti2 >0,

So function is convex and normalized i.e. f(1)=0

1

3 3
Define 9(1) =| (2t=1)* £ (1) | =| (2t ~1)* 5

3

g(t) = (2—1j2i S0,V >+
t) Jt 2

Then obviously

3 3
M= g(t):(z—ljzi m= inf g(t):(z—ljzl (4.8)
s o0=2- | e a=2g | ¢
At S (PQ=FQ.P)

From equation (1.9), (3.3)& (4.8) give the result (4.7)

from equation (1.9)
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